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NUMERICAL SOLUTION OF THE STEFAN PROBLEM
WITH A VARIABLE PHASE-TRANSITION TEMPERATURE

Yu. V. Gurkov and A. G. Petrova ' UDC 517.958

The purpose of this paper is to realize a numerical method for solving two-dimensional Stefan problems
in which the free boundary is not a level line. The calculations are based on the method of lines which reduces
a multidimensional problem to a sequence of one-dimensional free boundary problems, which are, in turn,
reduced to a systein of first-order ordinary differential equation by means of a Riccati transform. In this case,
the location of the free boundary for each line is found as a root of some scalar equation. The fundamentals
of the method are developed in (1, 2].

In this paper, the method is used to solve two-dimensional two-phase free-boundary problems with
various boundary conditions at both the lateral boundaries of the rectangular domain considered and the
free boundary. Application of this method to the solution of problems with several free boundaries is also
described.

1. Formulation of the Problem. We assume that the tree boundary between the solid and liquid
phases in domain D = [0,1] x [0,1] is defined by the equation y = s(z,t), where s(z,t) has the first and
second continuous space derivatives and the first continuous time derivative. We seek the functions u(z,y,t),.
U(z,y,t), and s(z,t) subject to the following conditions:
the heat conduction equations for the liquid and solid phases, respectively,

us = kjAu for 0<z<l, O0<y<s(z,t), t>0,
Ui = k, AU for 0<z<l, s(z,t)<y<l, t>0,

the condition at the free-boundary

u=U=—0o/p(z,t) — qu for y=s(z,t),

and the Stefan condition
Av = kj0u/0n — k,0U/0n  for y = s(z,t),

where o, g, A, ki, and k, are fixed positive constants; n = (—sz(z,t),1)/4/s2 + 1 is the normal vector to the

free boundary; v = (8s/8t)/1/s2 + 1 is the normal velocity of the free boundary; and p(z,t) is the curvature
radius of the free boundary.

The first term of the condition at the free boundary takes into account the influence of the free
boundary curvature on the phase-transition temperature (the Gibbs—Thomson condition). The second term is
the so-called kinetic condition, which is used since in the supercooled Stefan problem with a constant melting
point an abrupt increase in gradients is possible in a finite time (gradient catastrophe). The free boundary
is propagating at an unbounded speed in this case. The kinetic condition takes into account that the phase-
transition temperature is proportional to the free-boundary propagation velocity, and this makes it possible

to eliminate the effects described above. Many papers have been devoted to problems with such conditions,
in particular, [3-5].
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Dirichlet conditions for the functions u and U are specified at the lower (y = 0) and upper (y = 1)
boundaries of the domain considered. At the lateral boundaries, the normal derivatives of the functions u
and U are assumed to be equal to zero or Dirichlet conditions are specified. The formulation of the problem
is completed by specifying the initial distributions for u and U and the initial location of the free boundary
y = s(z,0).

2. Approximation of the Problem. To reduce our problem to a series of one-dimensional problems

with free boundaries for the time level t,, we approximate the second derivatives of the functions u, U, and
s with respect to z by central differences:

U1 — 2U§ + Ui

Uzz(Zi, ¥, tn) = N , Az=4/N;, i=1,...,N;—1,
8i11 — 2s: . ) ) _
szz(zi,tn) = 2l A:2+ i l, Az = z/N,, i=1,...,N; — L.
To approximate the time derivative, we use a “backward” difference approximation:
Ui — Uin_1 Si — Sin-1
ut(Zi, Y, ta) = ;T;L, st(Ti, tn) = '—A;"—
The conditions at the free boundary are approximated by

du ui1(Sis1) — ui—1(8i=1

7 (@ir8ista) = == )2Az — ); (2.1)
0s Si41 — 8i~1
— (i t,) = = Tt .
Oz (zistn) 2Az (22)

If the functions u and U are specified at the lateral boundaries, we use one-side difference
approximations for the free-boundary conditions:

4uy(s1) — u2(s2) — 3uo(so)

du
E (an 30, tn) =

2Azx ’
du —duy_ j(sy-1) +Funy_2(sn§-2) + Jun(sy
™ (ZNy SNy ta) = ( ) 2A;( 2) ( ); (2.1)
. 0s 431 — s9 — 3s¢ s —4sy_1+sy-2+3sN ,
= n) = —p5T—, s ytn) = . .
Oz (20,2n) 2Azx Oz (2N+tn) 20z (22)

Using the identity

d
T u(z,s(z,t)) = uz + uysz(z,t)
to approximate the derivative u; at the free boundary, we obtain

uip1(Sig1) — ui-1(si-1) g, il = Si-1
2Az Y 2Az
In the case of Dirichlet conditions at the lateral boundaries for : = 0 and : = N, the corresponding

expressions are easily obtained using formulas (2.1') and (2.2'). The same reasoning can be extended with no
changes to the functions U;.

Thus, we have a system of linear differential equations for the functions u;(y) and U;(y)
2 1
—_ B . . .
L,'(u.‘) =u; — [ : 72 + kl A t] Uy = Fl(ul,n—lr u:—lrut-f-l) on (0, 8,),

2 1
LU = U,!I - [m + m} Ui = Fi(Uin-1,Ui=1,Uit1) on (si,1),

u::(xiy Y, tn) =

where

(wit1+uic1)  Uin-1,

Fi(uin-1,ti1, tit1) = ———— kAt
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(Uig1 + Uic1)  Uin—ar

Fi(Uin-1,Ui-1,Uis1) = -

Az? kAt
with the following conditions at the free boundary y = s;:
u_U___U(Si—l"23i+3i+l) 8i — Sin—1
= = sz(l +sli2)3/2 At(l + 8'2)1/2’

=A(8i = Sin— d
A Sunmt) () T (i ) o = (14 2)(h(s0) = BULGs0))

Here du/dz and s are given by formulas (2.1) and (2.2). This system of one-dimensional problems with free
boundaries will be denoted by A.

3. Algorithm of Numerical Solution. The system of one-dimensional problems with free boundaries

for finding the functions u;(y) and U;(y) and the constant s; at the time level t = t, is solved by a successive
over-relaxation method with the iterations

Li(%) = Fi(uin-1,uf,ubyy), w¥ =uf +w(@i—uf) for ye (0,5 (3.0)
Li(Th) = Fi(Uin—1, USKL UKL, UMY = UF 4+ w(0; = UF) for y e (sF*1,1), (3.2)

where w € [1,2) is an iteration parameter; ¢ € [0, N]if Neumann conditions are applied at the lateral boundaries
of the domain considered, and ¢ € [1, N — 1] for Dirichlet conditions. The location of the free boundary on
the ith line sf“, where ¢ varies from zero to N, is found as a root of the scalar equation given below for both
Neumann conditions at the lateral boundaries and Dirichlet conditions. This equation is solved by the method
of linear interpolation between the grid points y. Thus, the system of problems with free boundaries A for
determining the functions u;(y) and Uj(y) and the numbers s; at the level ¢t = t, is reduced to a sequence,
of problems (3.1) and (3.2); we denote it by {A¥+!} and solve for a fixed k by moving successively from i to
1+ 1.

Each problem A**! [ie., (3.1) and (3.2)] will be solved, in accordance with [1], by using a Riccati
transform. Let

wily) = vily),  wily) = Ri(y)vily) + wiiy),
and, similarly,
Uily) = Vi(y),  Uily) = Re(y)Vily) + wsi(y).
Dropping the subscripts 7 and k, we write the Cauchy problems for the functions Ri(y) and wy(y):

1
Ri=1-R [ it A At], R(0) = 0; (3.3)
2
- —R,[ T At] it RF,  w(0) = u(zi,0, ). (3.4)

The problems for determining R,(y) and w; i(y) are written in a similar way.
The first-order explicit Runge-Kutta method for a fixed uniform grid is used for numerical solution of
these problems.

The location of the free boundary s¥*! in the line z = z; for i € {1, N — 1] can be found as a root of
the scalar equation

o(y) = [[ﬁIQ_A_xfl_l] + 1] [kz I(y)R?(u;z(y) _k I(y)R:(:J)s(y)]

k+l( k-H)

k k+l
141 :+l(ss+1) —Uu Y—38in-1 _
[ 2A:c ] (ks = k) 2Azx -2 At =0

where I(y) = u(y) = U(y) = —o(sk,y — 2y + s55)/[A22(1 + 82)%/2] = g (y = sin-1)/[AL(1 + 2)1/%] and, in
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accordance with (2.2), s’ = (s{-‘_H - sffll)/2A:r:. For i = 0, this equation has the form

4sk — ok — 3y1?
(I)(y) = [[—I—QZ%_] + 1] [kluy((), yytn) - ksz(an,tn)]

- [M] (ki -k )4“’f(slf) — uf(s}) - 3ug* (y) )Y Sinm
2Az 1% 2Az At

= 0.

The equation for : = N will be obtained in a similar way.

In our work, the root of the équation ®(y) = 0 was found by linear interpolation between two
neighboring grid points y, the grid point y nearest to the root being taken as the desired value of sf'“.
If the equation ®(y) = 0 had several roots, the root nearest to the location of the free boundary in the
previous iteration was chosen as a rule.

Determination of the functions v(y) and V/(y) as solutions of the Cauchy problems is the next step:

wiy) — tin-1(y)  vina(y) — vi-a(y) +2wi(y)

V(y) = v(y)Rz(y)[ A2z2 + k,lAt] +

At Az? (35)
0<y<si, u(si)= ——'—I(Si;zl—(;)l(si);
Vi) = V() Ra(y)[:xz + k,lAt] L) - Au'ti,n—l(y) _ uin(y) — uz;(zy) + 2ws(y).
. : (3-6)
3i<y<1, V(S’)-_-&g');wi(_s'_)_ .

Ry(s;)

Cauchy problems (3.5) and (3.6) are solved numerically in the same way as problems (3.3) and (3.4),
and the value of u;41(y) is taken from the previous iteration.

The solution of the problem A**! is completed by reconstructing uf"”l(y) and U,-k“(y) using the
formulas

ub(y) = Ri(y)vi(y) + wii(y),  UF(y) = Re(y)Vi(y) + waily).

4. Analysis of Convergence. The convergence of the iterative process was studied numerically. The
root-mean-squ .re norm of the difference between temperature-function values correspunding to two successive
iterations was used as a criterion for estimation. In this case, the following results were obtained. Depending
on the initial and boundary conditions, the norm was reduced by a factor of 3-10 in one iteration, with the
original norm of the order of 10~2. In problem 2 (Section 6), the residual was of the order of 10~3. Variations
of Az, Ay, and At within reasonable limits did not have any considerable influence on the convergence, but it
should be noted that the best results were obtained for the relation Ay = Az/10. The parameter w was chosen
in accordance with minimization of the above criterion in each particular problem. A beneficial influence of
surface tension (o > 0) and kinetic supercooling (¢ > 0) on the stability of the free-boundary form in the
supercooled problem (Section 6, problem 5) was noted.

5. Multifront Problems. The method in question can be used for solution of multifront problems.
We illustrate this using as an example a problem with two free boundaries.

Let domain [0,1]? be divided by two free boundaries: y = s;(z,t) and y = s(z,t). We seek to find the

functions ui(z,y,t), ua(z,y,t), us(z,y,t), si(z,t), and s2(z,t) subject to the following conditions:
the heat conduction equations

(u1)t = k1Auy  in (0,1) x (0,s1),

(uz)g = koAuy in (0,1) X (81,32),
(u3)g = k3Au3 mn (0,1) X (32, 1),
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the conditions at the free boundaries

u u 71 vy on 8 g2 v2 on s
1=U2 = ————— — qiV] 1 Uz = uz = — - q2v2 2
izt ! ! (@t !
du du 0 a
—Aﬂ)] = kl Ell — kg 61’12 on 3j, —/\1‘02 = k" —62712 - k3 61: on S82.

Dirichlet and Neumann conditions can be applied at the lateral boundaries, and Dirichlet conditions
can be applied at the boundaries y = 0 and y = 1. The statement is completed by specification of initial
conditions.

The calculations will be performed as follows. Let the superscript k 1 denote the number of iterations
made at one time level. We assume that uk 1 u§ 1 u§ ! s’f ! and .s are already known. Let us first
consider domain [0,1] x [0, s5~!] and apply to it the 1terat10n procedure described in Sections 2 and 3 to find a
new location of the free bounda.ry and a new temperature distribution. It should be noted that the iterations
made within the framework of this procedure are inner and are not related to the iterations denoted by k. The
only difference in application of this procedure is that it was previously used in a rectangular domain, and
here one boundary of the domain is curvilinear. This, however, does not prevent realization of this algorithm,
because it is based on the method of lines. The condition at the curvilinear boundary of the domain remains a
Dirichlet condition, because it represents either the temperature-function value in this curve that is taken from
the previous iteration if the phase-transition temperature i1s not constant, or, otherwise, the phase transition
temperature.

Thus, a new location of the free boundary s; and a new distribution of the temperatures u; and uz
are obtained. Similarly, considering domain [0,1] x [sk_l, 1], we find s, i2, and uz. Then we assume that

uf = ul Vb wi(un —ufty on (0, s%),
uf = uz "twr((ua+82)/2—us™h)  on  (sf, sB),
uf = u§ !+ wi(us — ubY) on  (s,1),

where s = s51 4 (81 — 5571) and sk = o571 4 wi(sy — 857N,

The iterative process is continued until a satisfactory result is obtained, and then the next time level
is used.

6. Results of Numerical Calculations.
(1) Single-Phase Problem with Surface Tension (Fig. 1):

u(z,y,0) =1 - y/(0.5 - 0.25cos (xz)), U(z,y,0)=0,
s(z,0) = 0.5 — 0.25cos (7z), wu(z,0,t)=1, U(z,1,t)=0.
The zero-flux condition is specified at the lateral boundaries £ = 0 and z = 1,
Kl=Ks=1,0=0.001, ¢g=0, A=1, w=1.3, dz = 0.04, dy = 0.004, dt = 0.05.

Figure 1 shows the front propagation with time.

(2) “Traveling Wave” (Fig. 2):
u(z,y,0) = exp(16(y + /2 - 0.75)) - 1, U(z,y,0) =0, s(z,0)=—z/2+0.75,
u(z,0,t) = exp (16(z/2 — 0.75 + 20t)) — 1, U(z,1,t) =0,
u(0,y,t) = exp(16(y — 0.75 + 20t)) - 1, U(0,y,t) =0,
u(l,y,t) = exp (16(y — 0.25 + 20t)) — 1, U(l,y,t) =0,
Kl=2 Ks=2 0=g=0001, A=1, =15, dz = 0.04, dy = 0.004, dt = 0.018.

The front propagation with time is shown in Fig. 2.
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(3) Two-Phase Problem with Surface Tension and Dynamic Supercooling (Fig. 3):
u(z,y,0) =1 —y/(0.5 - 0.125 cos (rz)), s(z,0) = 0.5 — 0.125 cos (7 z),
U(z,y,0) = =1+ (y — 1)/(-0.5 — 0.125cos (7z)), u(z,0,t) =1+20t, U(z,1,t)=-—1-20¢,
zero flux is specified at the lateral boundaries z = 0 and z = 1,
Kl=Ks=1, o=0.001, ¢=0.0001, A=1, w=1.5 dz=0.04, dy=0.004, dt=0.018.

Figure 3 gives the location of the free boundary at various times.
(4) Two-Phase Problem with Two Fronts (Fig. 4):

s1(z,0) = 0.2+ 0.1cos(7zx), s2(z,0) = 0.8 —0.1cos(7z),
u1(z,¥,0) =1 —y/(0.2 + 0.1 cos (rz)), wuz(z,y,0) =0,
u3z(z,y,0)=1—(y —1)/(-0.2 = 0.1cos (7z)), wi(z,0,t)=1, wus(z,1,t)=1,
zero flux is specified at the lateral boundaries 2 = 0 and z =1,
k1 =01, k=02 k3=0.1, oy=q =0001, A =08, o3=g=0.00l,
A2=08, w=13, w =13, dz=0.05 dy=0.005 dt=0.005.

Figure 4 shows the propagation of the fronts.
(5) Prohlem with Initial Supercooling (Fig. 5):

u(z,y,0) = =1 +y/(0.5 — 0.125 cos (xz)), s(z,0) = 0.5 — 0.125 cos (7z),
U(z,y,0) = -1+ (y — 1)/(—0.5 = 0.125cos (7z)), u(z,0,t)= -1, U(z,1,t)= -1,
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zero flux is specified at the lateral boundaries z = 0 and z = 1,

Kl=Ks=10=0001, ¢g=0001, A=1, w=15, dz = 0.04, dy = 0.004, dt = 0.018.

Figure 5 gives the location of the free boundary at various times.
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